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Abstract
A general algorithm for handling the energy dependence of meson-nucleon
amplitudes in the nuclear medium has been recently applied to antikaons and
to eta mesons. Here we test this approach on πN amplitudes in pionic atoms
where direct comparison can be made with ample experimental results. Ap-
plying this algorithm to a large-scale fit of 100 pionic-atom data points across
the periodic table, which also include the ‘deeply-bound’ states in Sn and Pb,
reaffirms earlier conclusions on the density-dependent renormalization of the
πN threshold isovector amplitude b1, or equivalently the renormalization of
the pion decay constant fpi in the nuclear medium.
Keywords: pion-nucleon in-medium interaction, energy dependence, pionic
atoms
1. Dedication
This contribution is dedicated to the memory of Gerry Brown who has
charted and shaped up the frontiers of Nuclear Physics for half a century.
Gerry commissioned our two past reviews on exotic atoms [1, 2], realizing the
potential of exotic atoms to provide hints and constraints on chiral signatures
in dense matter. A brief update of our work on exotic atoms appeared in the
85th birthday Festschrift in honor of Gerald E Brown, From Nuclei to Stars,
published in 2011 [3]. Here we revisit pionic atoms, a subject to which he
made significant contributions in the 1970s.
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2. Introduction
It was recognised in the early 1970s that the K¯-nucleus interaction near
threshold is determined by the K¯-nucleon scattering amplitude at subthresh-
old energies [4, 5, 6]. The proximity of the Λ(1405) resonance makes the
K¯-nucleus interaction quite sensitive to the proper description of the sub-
threshold region. An algorithm devised to account for the subthreshold en-
ergy dependence of the meson-nucleon amplitude in evaluating the meson-
nucleus strong-interaction potential in kaonic atoms and for strongly-bound
K¯ mesons was formulated recently [7, 8, 9, 10, 11]. It has been employed
in extensive calculations using several models for K¯-nucleon scattering am-
plitudes that respect the recent SIDDHARTA results for kaonic atoms of
hydrogen [12]. Another application of the same algorithm was made very re-
cently in calculations of strongly-bound states of η mesons in nuclei [13, 14].
Here the proximity of the N∗(1535) resonance enhances the sensitivity to the
models used for the η-nucleon interaction and to the way the subthreshold
region is handled. For an up-to-date overview of applications to in-medium
K¯ and η mesons, see Ref. [15].
In the two examples mentioned above no direct comparison with experi-
ment could be made. Although there exists a reasonably broad database of
strong interaction effects in kaonic atoms, the above approach is limited to
K− interactions with a single in-medium nucleon. Comparison with exper-
iments gave evidence for a sizable component of the K−-nucleus potential
which represents multinucleon interactions [9, 11] thus limiting one’s ability
to directly confront the model with experiment. Similarly, there is no exper-
imental information on strongly bound antikaons in nuclei, nor any accepted
direct evidence for bound η nuclear states.
Pion-nucleus interactions near threshold present a different scenario with
respect to the above examples. No resonances are known near threshold and
the real part of the pion-nucleus potential, which is part of the subthreshold
algorithm, is dominated by single-nucleon interaction terms closely approxi-
mated by their free-space counterparts. Relatively small contributions arise
from absorption on two nucleons which gives rise to the imaginary part of the
potential. Moreover, the experimental database for pionic atoms is the most
extensive of all exotic atoms [1, 2]. It is natural then to test the subthresh-
old approach by analysing pionic atom data where direct comparison with
experiment is meaningful. On the other hand, owing to the rather smooth
energy dependence of the free-space πN interaction, such tests may not prove
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sufficiently sensitive to the fine details of the in-medium πN interaction even
though they do provide acceptable support for the validity of the algorithm.
It is therefore encouraging that the fits to pionic atom data reported here
do preserve and even somewhat improve the existing level of agreement with
the data, reaffirming earlier conclusions on the in-medium renormalization
of the πN interaction [16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27].
In Section 3 we present the model behind the algorithm for handling
subthreshold pion-nucleon amplitudes in the medium. Results of global fits
to pionic atom data are presented in Section 4, based on empirical energy-
dependence of the pion-nucleon amplitudes. The in-medium enhancement of
the πN isovector s-wave amplitude b1 that received attention in the last two
decades is examined and the role of the E → E − Vc ‘minimal substitution’
requirement is discussed. A summary and discussion are given in Section 5.
3. Subthreshold model
Here we briefly review the methodology of hadronic-atom calculations,
using energy-dependent optical potentials within a suitably constructed sub-
threshold model.
3.1. Wave equation
Starting from a meson Klein-Gordon (KG) equation, the dispersion re-
lation corresponding to a meson of mass m, momentum ~p and energy E in
nuclear medium of density ρ is traditionally written as [2]
E2 − ~p 2 −m2 − Π(E, ~p, ρ) = 0, (1)
in terms of a self energy (polarization operator) Π(E, ~p, ρ). Introducing the
meson-nuclear optical potential Vopt by Π(E, ~p, ρ) = 2EVopt, the following
KG equation is obtained for finite nuclei and at or near threshold:
[∇2 − 2µ(B + Vopt + Vc) + (Vc +B)2
]
ψ = 0, (2)
where ~ = c = 1 was implicitly assumed in these equations. Here µ is
the meson-nucleus reduced mass, B is the complex binding energy, Vc is
the finite-size Coulomb interaction of the meson with the nucleus, including
vacuum-polarization terms, all added according to the minimal substitution
principle E → E − Vc. Vopt is the optical potential of the meson in the
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medium. Additional terms 2VcVopt and 2BVopt were neglected in Eq. (2)
with respect to 2µVopt.
For pions, the emphasis in past studies of medium effects has been on the
density dependence of the self energy operator Π(E, ~p, ρ), or equivalently of
the optical potential Vopt. The density dependence of Vopt is briefly reviewed
in Section 3.2 below, while the energy and momentum dependence, which is
the focus of the present work, is studied in Section 3.4.
3.2. Pion-nucleus potential
The zeroth-order optical potential V
(0)
opt = tρ is linear in the density ρ, with
t the free-space meson-nucleon t matrix. This optical potential is real at zero
energy because pions cannot be absorbed at rest by a single nucleon, although
they can be absorbed by the nucleus. Ericson and Ericson [28] introduced ρ2
terms into the potential to describe schematically π− absorption on pairs of
nucleons. The π− optical potential then becomes
2µVopt(r) = q(r) + ~∇ · α(r)~∇, (3)
with its s-wave part q(r) given by
q(r) = −4π(1 + µ
mN
){b0[ρn(r) + ρp(r)] + b1[ρn(r)− ρp(r)]}
−4π(1 + µ
2mN
)4B0ρn(r)ρp(r), (4)
where ρn and ρp are the neutron and proton density distributions normalized
to the number of neutrons N and number of protons Z, respectively, and mN
is the mass of the nucleon. The p-wave part of the potential, α(r), is effective
only near the nuclear surface and will not be further discussed here; it is used
in the present work in the same way as in Ref. [2]. The coefficients b0 and b1
are effective, implicitly density-dependent pion-nucleon isoscalar and isovec-
tor s-wave scattering amplitudes evolving from the free-space amplitudes b0
and b1, respectively, and are essentially real near threshold. The parameter
B0 represents multi-nucleon absorption and therefore has an imaginary part.
The real part of B0 stands for dispersive contributions which could play a
role in pionic atoms.
The free-space values of the isoscalar and isovector πN center-of-mass
(cm) scattering amplitudes at threshold are known from pionic hydrogen
and deuterium X-ray measurements [29]
b0 = −0.0001+0.0009−0.0021 m−1pi , b1 = −0.0885+0.0010−0.0021 m−1pi . (5)
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A recent chiral perturbation calculation of the π−d scattering amplitude,
reanalysing these X-ray measurements, finds the following values [30]:
b0 = 0.0076± 0.0031 m−1pi , b1 = −0.0861± 0.0009 m−1pi . (6)
One notes the close agreement between the two determinations of b1 whereas
the values of b0, accepting the quoted uncertainties, disagree with each other.
Yet, these values of b0 and b1 are well approximated by the Tomozawa-
Weinberg (TW) lowest-order chiral limit [31]
b0 = 0, b1 = − µpiN
8πf 2pi
= −0.079 m−1pi . (7)
Since the value of the amplitude b0 from Eqs. (5)-(6) is exceptionally small, it
is mandatory to include double-scattering contributions in the construction
of the isoscalar single-nucleon term in q(r), giving rise to explicit density
dependence for Pauli correlated nucleons [32]
b0 = b0 − 3
2π
(b20 + 2b
2
1)pF , (8)
where pF is the local Fermi momentum corresponding to the local nuclear
density ρ = 2p3F/(3π
2). Here b21 contributes significantly to b0, thereby mak-
ing the isovector amplitude b1 effective also in N = Z pionic atoms. The TW
expression (7) for b1 suggests that its in-medium renormalization is directly
connected to that of the pion decay constant fpi, given to first order in the
nuclear density ρ by [33, 34]
f 2pi(ρ)
f 2pi
=
< q¯q >ρ
< q¯q >0
≃ 1− σρ
m2pif
2
pi
, (9)
where < q¯q >ρ stands for the in-medium chiral condensate and σ ≃ 50 MeV
is the pion-nucleon σ term. Extending Eq. (7) for b1 from free space to dense
matter, this leads to the following density dependence for the in-medium b1:
b1(ρ) =
b1
1− σρ/m2pif 2pi
=
b1
1− 2.3ρ (10)
with ρ in units of fm−3. In this model, introduced first by Weise [33, 34], the
explicitly density-dependent b1(ρ) of Eq. (10) replaces the effective isovector
coefficient b1 in the pion-nucleus s-wave potential q(r) of Eq. (4). This has
been referred to in the literature as a necessary signature of partial restora-
tion of chiral symmetry in dense matter. We note that the linear density
approximation introduced in Eq. (9) provides an excellent representation of
quark condensate effects at densities below nuclear matter density [35].
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3.3. Nuclear densities
An important ingredient in the analysis of pionic atoms are the nuclear
densities to be used in the potential (3). With proton densities considered
known we scan over neutron densities searching for a best agreement with
the data. A linear dependence of rn − rp, the difference between the root-
mean-square (rms) radii, on the neutron excess ratio (N − Z)/A has been
accepted as a useful quantity, parameterized as
rn − rp = γN − Z
A
+ δ , (11)
with γ close to 1.0 fm and δ close to zero. Two-parameter Fermi distributions
are used for ρn with the same diffuseness parameter as for the protons, the
so-called ‘skin‘ shape [2, 36] which was found to yield lower values of χ2 for
pions.
3.4. Energy dependence
The model underlying the subthreshold algorithm adopts the Mandelstam
variable s = (Epi+EN )
2−(~ppi+~pN)2 as the argument transforming free-space
to in-medium pion-nucleon amplitudes, where both the pion and the nucleon
variables are determined independently by the respective environment of a
pionic atom and a nucleus. Consequently, unlike in the two-body cm system,
here ~ppi + ~pN does not vanish, and one gets (~ppi + ~pN)
2 → p2pi + p2N upon
averaging over angles. The energies are given by
Epi = mpi − Bpi, EN = mN − BN , (12)
where B are binding energies and m are masses. For the pion momentum we
substitute locally
p2pi
2mpi
= −Bpi − Re Vopt − Vc (13)
with Vopt the pion-nucleus optical potential and Vc the pion Coulomb po-
tential due to the finite-size nuclear charge distribution. For the nucleon we
adopt the Fermi gas model (FGM), yielding in the local density approxima-
tion
p2N
2mN
= TN (ρ/ρ¯)
2/3, (14)
where ρ is the local density, ρ¯ the average nuclear density and TN is the av-
erage nucleon kinetic energy which assumes the value 23 MeV in the FGM.
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This value, used here, is larger than that derived from shell-model calcula-
tions across the periodic table (18.4 MeV in 208Pb), but smaller than that
derived in many-body approaches (38.2 MeV in 208Pb), see Tables I and II
in Ref. [37]. Most of the difference between these two groups of values is
believed to arise from short-range nuclear correlations at the high density
regime which is inaccessible in exotic atoms. For this reason, furthermore,
we kept only the leading density power 2/3 in Eq. (14).
Defining δ
√
s =
√
s − Eth with Eth = mpi + mN , then to first order in
B/Eth and (p/Eth)
2 one gets
δ
√
s = −BNρ/ρ¯−ξN [TN (ρ/ρ¯)2/3+Bpiρ/ρ0]+ ξpi[Re Vopt+Vc(ρ/ρ0)1/3], (15)
with ξN = mN/(mN + mpi), ξpi = mpi/(mN + mpi), and ρ0 = 0.17 fm
−3.
Following previous applications [7, 8, 9, 10, 11] an average binding energy
value of BN = 8.5 MeV is used. The specific ρ/ρ0 and ρ/ρ¯ forms of density
dependence ensure that δ
√
s→ 0 when ρ→ 0 [11].
Another variant of Eq. (15) is obtained when considering the minimal
substitution requirement, the importance of which for incorporating electro-
magnetism in a gauge-invariant way into the pion optical potential was first
pointed out by Ericson and Tauscher [38] and more recently emphasized by
Kolomeitsev, Kaiser and Weise [20]. Indeed, the application of minimal sub-
stitution has been successful in analyses of pionic atoms [2, 24] and pion
scattering at low energies [27]. Here E = Epi +EN is replaced by E−Vc and
then Eq. (15) becomes
δ
√
s = −BNρ/ρ¯− ξN [TN(ρ/ρ¯)2/3 +Bpiρ/ρ0 + Vc(ρ/ρ0)1/3] + ξpiRe Vopt. (16)
Equations (15)-(16) show that the subthreshold energies where the πN am-
plitudes in Vopt are to be evaluated depend, locally, on the optical potential
Vopt which, according to Eqs. (3)-(8), depends on these amplitudes. There-
fore these equations have to be solved self-consistently, a process that is found
to converge after 4–6 iterations which are done at every radial point for the
local value of the nuclear density ρ. This process defines a density-to-energy
transformation which makes the potential density dependent, in addition to
any genuine density dependence of the πN amplitudes. Only the s-wave term
of the potential, q(r), is used by us to calculate the subthreshold energies in
pionic atoms, as the p-wave term, α(r), is effective primarily near the nuclear
surface.
Figure 1 shows examples of the density-to-energy transformation for three
pionic atoms in comparison with typical results for kaonic atoms, with δ
√
s
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Figure 1: Examples of the density-to-energy transformation in pionic atoms (left panel)
and in kaonic atoms (right panel, from [11]) using Eq. (15) for pionic atoms and its obvious
adjustment for kaonic atoms.
denoted by E − Eth. Note that the example of pionic atom of 205Pb is an
extreme case as it relates to a deeply bound 2p pionic state with a very large
binding energy of close to 6 MeV. The empirical πN scattering amplitudes
used, including their energy dependence, were taken from πN phase shifts
derived from the SAID program [39], yielding a slope of −0.00053m−1pi /MeV
for b0. We use this slope also below threshold. For b1, its variation with en-
ergy is negligibly small and therefore ignored here. The figure demonstrates
clearly that subthreshold energies of order −20 MeV, at ρ0/2, are encoun-
tered in pionic atoms (left panel). Although smaller than typically −40 MeV
in kaonic atoms (right panel), this constitutes a nonnegligible effect. The
difference between pionic and kaonic atoms originates from the very different
meson-nuclear s-wave potentials for these two systems. For K−, with attrac-
tive real part of the potential, the energy shift δ
√
s is negative definite when
disregarding the minimal substitution contribution. For pions, the real part
of the s-wave potential is repulsive but, nevertheless, δ
√
s is negative due
to the dominance of the −p2 contributions in the expression for the Man-
delstam energy variable s. The significance of these momentum-dependent
contributions precludes relating to pions in finite nuclei as zero-momentum
pions, a term used often for pions in nuclear matter.
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4. Results
In studying the model for handling pion-nucleon interactions in the nu-
clear medium we compare our new results with earlier analyses [2] where
the interactions were either taken at threshold or effectively above threshold
when adopting the minimal substitution principle. We therefore consider
here, as in Ref. [2], global fits to 100 data points for strong interaction ob-
servables in pionic atoms, from Ne to U, including deeply bound pionic atoms
of three Sn isotopes and of 205Pb.
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Figure 2: Results of fits for variable γ, the neutron rms radius parameter in Eq. (11),
with b1 not modified in the medium. Filled triangles up: δ
√
s from Eq. (15), opaque
triangles down: including also minimal substitution (MS) as per Eq. (16). Also shown is
the experimental value of b1 at threshold [29].
The ability to perform least-squares fits to a broad data set for pionic
atoms is a major difference between the present work and our earlier appli-
cations of the sub-threshold approach. For example, changing input param-
eters such as TN in Eqs. (15)-(16) causes values of fit parameters to change
too in order to maintain best agreement with the data. Replacing ρ¯ by ρ0
in the TN term, for example, results in the parameter b0 changing within
error, to compensate for changes due to the TN term. Most important is the
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observation that changes in the isovector parameter b1 are only 30% of their
(rather small) uncertainties.
Figure 2 shows typical results of fits obtained when varying parameters
of the pion-nucleus potential and scanning over the neutron rms radius pa-
rameter γ, for a fixed value of δ = −0.035 fm, see Eq. (11). Finite-range
folding in the p-wave term is included as before [2]. A shallow minimum
determines γ to be around 1.0±0.15 fm, in full agreement with a multitude
of other results [36, 40]. For a check, we note that the value obtained from
Eq. (11) for 208Pb is rn − rp=0.18±0.03 fm, in agreement with more direct
recent derivations [41, 42].
Table 1: Values of B0 (m
−4
pi
units) obtained in large-scale pionic-atom fits, with minimal
substitution (MS) disregarded (No) or employed (Yes), using the subthreshold energy
algorithms (15) and (16) respectively, with (Yes) or without (No) Weise’s renormalization
ansatz (10).
MS/Weise No/No No/Yes Yes/No Yes/Yes
−Re B0 0.112±0.031 0.040±0.032 0.076±0.032 0.012±0.033
Im B0 0.052±0.002 0.051±0.002 0.052±0.002 0.052±0.002
Focusing on the isovector s-wave parameter b1, it is seen from Fig. 2 that
when it is not modified in the medium, other than by the subthreshold energy
algorithm (15), it turns out to be too repulsive by 5-6 error bars compared
to the free pion-nucleon experimental value. When minimal substitution
is imposed as per Eq. (16), the discrepancy becomes slightly smaller but,
nevertheless, the so-called b1 anomalous enhancement is observed. These
conclusions are in agreement with earlier work not using the subthreshold
energy algorithm.
The possibility that b1 is enhanced in the nuclear medium was put forward
by Weise [33, 34], see Eq. (10). This ansatz is supported by experiments both
below threshold [16, 17] and above [26, 27]. Figure 3 shows that the best χ2 is
now 4-5 units smaller than without this explicit density dependence of b1(ρ)
and the values of the free-space b1 from the fit agree with the known free
value, with a hint that the agreement is better when minimal substitution
is applied. Another indication in favor of combining the renormalization
ansatz (10) together with minimal substitution E → E − Vc is provided
by inspecting the values obtained in our large-scale pionic-atom fits for the
two-nucleon parameter B0 of Eq. (4), as shown in Table 1. It is seen that
10
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Figure 3: Results of fits for variable γ, the neutron rms radius parameter in Eq. (11),
with b1(ρ) given by Eq. (10). Filled: δ
√
s from Eq. (15), opaque: including also minimal
substitution (MS) as per Eq. (16). The free-space threshold value of b1 [29] is also shown.
the value of Im B0 is determined in great precision and is insensitive to the
variants used. In contrast, the fitted value of Re B0 is sensitive to these
variants and it also emerges with a fairly large uncertainty which, however,
is independent of the variant used. Anticipating values of Re B0 smaller
or equal in magnitude to Im B0, the fitted values listed in the table give
preference to accepting both the minimal-substitution principle and Weise’s
renormalization ansatz [33, 34].
5. Summary and discussion
We have presented in this update global analyses of strong interaction
effects in pionic atoms, where the algorithm applied recently [15] in other
systems for handling meson-nucleon in-medium interactions near threshold
is tested. This approach defines energy scale of ≈20 MeV over which the πN
s-wave amplitudes contribute to the pion-nucleus interaction. These energies
are below threshold when minimal substitution is disregarded, but part of
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the energy range can be above threshold when minimal substitution is main-
tained. In all previous analyses, before introducing these algorithms, the πN
energy was either on threshold when minimal substitution was disregarded,
or fully above threshold when respecting minimal substitution. Nevertheless,
the overall conclusions are practically the same whether or not the present
algorithms are applied. In particular, the lowest χ2 implies a value of χ2
per degree of freedom of about 1.7 and is obtained for rms radii of neutron
distributions that agree with those deduced by other methods. The best-fit
b1 values agree with the free pion-nucleon value only when explicit density-
dependence of b1 as suggested by Weise [33, 34] is incorporated. These results
were obtained using the SAID empirical energy dependence of b0, as distinct
from the chiral-model energy dependence evaluated for zero-momentum pi-
ons. We refer the reader to our earlier discussion of this point [24] adding
that pions have appreciable momentum within the nuclear interior, as given
by Eq. (13).
The low sensitivity revealed in the present work results from the smooth
dependence on energy of the empirical b0 parameter. Considering the energy
at which b0 is calculated, and assuming an average effective density of 50-60%
of the central density [18, 19], then the respective energy differences between
any previous analysis and its present counterpart are around 20 MeV. With
an empirical b0 slope of −0.00053m−1pi /MeV [39] a variation of 0.01 m−1pi
in b0 values is implied, which is indeed produced in the respective χ
2 fits.
Furthermore, with b1 essentially independent of energy, the variations in b0
translate to these same variations in b0. This ≈0.01 m−1pi variation in b0 is
also consistent with the uncertainty placed on it in the SAID partial-wave
analysis [39]. This somewhat trivial result is, nevertheless, reassuring in
supporting the viability of the subthreshold algorithm.
Finally we comment that the results and conclusions reached in the
present update hold valid also when the ‘deeply bound’ states (DBS) in 205Pb
and in 115,119,123Sn are removed from the large-scale fits of pionic atoms de-
scribed here. This agrees with earlier conclusions reached by us [3, 22, 23]
where it was shown that the uncertainties in the derived value of b1 from
DBS, or from DBS plus 1s states in light N = Z nuclei, are considerably
larger than those derived from large-scale fits (about 0.004 m−1pi , see Figs. 2
and 3). Other approaches considering only partial sets of pionic-atom data
and claiming similar uncertainties, as reviewed in Ref. [43], ignore additional
systematic uncertainties arising from fixing the p-wave πN potential α(r) in
Eq. (3). We stress that our large-scale fits involve a comprehensive parameter
12
search, including the p-wave interaction parameters not discussed here. The
few DBS established accurately so far are still short of providing on their
own the necessary precision to substantiate the deduced renormalization of
b1 and the implied partial restoration of chiral symmetry in dense matter
through the decrease of fpi, given to a good approximation by Eq. (9).
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